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Solution to Assignment 3

Section 6.3.

(10b) The function (1 + 3/x) can be expressed as f(x)/g(x) where f(x) = (1 + 3/x) and
g(x) = 1/z. The limit lim, o z(1 + 3/z) = lim,_,o f(x)/g(z) is of co/oco-type. We have
fll@) . —3/a

1‘ = =
xl_I}% g/(.%) xl—r% —1/.’172

By L’Hospital Rule II,
lim z(1+3/x) = 3.
z—0

Finally, by the continuity of the exponential function,

x
lim 1+ § — lim ezlog(1+3/x) — elimwﬁomlog(1+3/x) _ 63 '
z—0 T z—0

(11b) As the previous problem, consider its log expression first. Letting f = logsinz and
g=1/z, we get

lim — lim cosx/sinx _o.

z—ot 1/$ z—0t —1/.%'2

logsinz

SO

lim (sin :C)LB _ 11H1+ emlogsmx — ehmzﬁ)OJr (zlogsinz) _ V=1
z—0t z—0

(14) Routine. Use the formulas

() =logec®, (%) = (logz+1)z" .

Section 6.4.
(9) By differentiating the sine function repeatedly we get

d2k d2k+1

—sinz = (—1)*sinz,

Tk sinz = (=1)*cosz, k>0.
x

dx2k+1

By Taylor’s Expansion Theorem,

3 5 2n n
) x° oz x (—1)"cosc 4
— o Yo 1) n+1
TR et e &
or 3 5 2n—1 (—1)
T T " —1)"sinc
: — v <. —1)" 2n
e T T STt e

for some mean value c. Using |sinc|, |cosc| < 1, the remainder is bounded by

\$|2n+1 |x|2n

Cnt+ )l % (@)

which tends to 0 as n — oo.
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(10) The function h(z) = e /%" when z # 0 and h(0) = 0. We claim that for each k > 0, there
exists a polynomial py(1/x) such that

h®) (2) = pr(1/z)e V"

We use induction. Clearly this is true when k = 0 where pp = 1. Assuming it is true for n, we
differentiate this relation (k replaced by n) to obtain

W (@) = (W) ()
= (a2 4 (1) e
= (—a %, (1/x) + 22 3p,(1/x)) e VT

We can take p,11(1/z) = —272p},(1/z) + 22 3p,(1/x). So far we have been assuming x # 0.
Now, we claim that h(*)(0) exist and equal to 0 for all k > 0. Again we use induction. When
k = 0 this follows from the definition of h. Assuming it is true for k¥ = n, we have

R (z) = A(0) ™ (2)  pa(l/z)e /"

x—0 z—0 T

Letting y = 1/x, we have

_ 2
i Po(/m)e” T ypa(y)
z—0t+ x y—oo ey’

=0.

We conclude that the right derivative of h(") exists and equal to 0 at 2 = 0. Similarly we can
show the same result holds for the left derivative.

The interesting thing about this function is that it is smooth (infinitely many times differentiable)
everywhere and all derivatives vanish at the origin. Its Taylor polynomials all vanish. Therefore,
its Taylor Remainder is not small (as compared to its polynomial) at all in its Taylor expansion.

Supplementary Problems

1. Establish the following limits: For o > 0,

(a) )
lim 2 =0 .
r—o00 el

(b)
log x

lim

r—o0 %

=0.

()
lim z%logx =0 .
z—07t

Solution. (b) and (c) follow from (a). We only prove (a). Using the expansion

and observing x > 0, we have
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for every n. Given a > 0, we fixed a large ng,ng > a. Using

. 1:n0+1 |
~ (no+ 1)!
we have . o |
0<£<(n0+1).x :(no—i—l). .
— eT — o+l T ’ -
Letting x — oo, (a) follows from Sandwich Rule.
2. Show that for z € (—1,1],
oo
( 1)k+1xkz 2 3
o140 = 3- U
k=1
Solution. We have
d* _ (=D 1( 1!
— log(1 k>1
Therefore, by Taylor’s Expansion Theorem (taking xg = 0)
.%‘2 ( 1)n 1 " (_1)nxn+1
log(l+a)=2— 2 4.
og(l+z)==z 2—i— - +(1+c)”(n+1)’

where c¢ is between 0 and . When z € [0,1],1/(1+¢) <1,

x? (—1)n1zn 1
1 1 _ _ - <
og(1+ z) <m 2—|— + - )’_(n—l—l)_)O’

as n — oo for x € [0,1]. On the other hand, when =z € (—1,0), ¢ € (x,0). Using

1/(1+¢) <1/(1 +2),

:1:2 (_1)n—1$n 1 xn—l—l
log(1+az)— (x— 2 ... <
og(l + ) <x SR — )‘_(n—l—l)(l—i—x)"

Therefore, when |x| < (1 + ), that > [-1/2,1), |z[""1/(1 + 2)" < 1 and

1 anrl
lim =0,
ntoo (n+ 1) (L+ )"

and the conclusion follows.

Note. No conclusion is drawn when x € (—1,—1/2). Actually, the remainder still tends to
0 in this case but we need to use the integral form of the remainder which will be treated in
a few weeks. When z > 1, the n-th term in its Taylor series, " /n, tends to oo as n — oc.
Hence it is not convergent. We conclude that the Taylor series of log(1 + z) converges to
the function itself if and only if z € (-1, 1].

3. Let
q(z) = =12 + 2% + 324,

Determine the coeflicients in

q(z) =ap+ ar(z — 1) + az(z — 1)* + az(z — 1)® + ag(z — 1)?
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Solution. Use Taylor’s Expansion Theorem at z = 1. We have ¢'(z) = 2z +
1223, ¢"(z) = 2 + 3622, ¢"'(x) = 72z, and ¢¥(x) = 72. Therefore,

g@) = q)+d W@ —-1)+q¢" ) —1)*/24¢"(1)(x —1)*/6 + ¢ (1)(z — 1)*/24
= 8414z —-1)+19=z—-1)2+12(x —1)3 +3(x —1)*.

4. Let f be infinitely differentiable function. Suppose that there is a polynomial p of degree
n such that for some 4, C' > 0,

|f(x) —p(z)| < Clx —:1:0]"+1 ,Va € [xg — d,x0 + 0] .

Show that p must be the n-th Taylor polynomial of f at xg.

Solution. We first claim that if a polynomial ¢ satisfies
lq(x)] = |bo + b1(z — ) + bo(x — 0)* + - - + bu(z — 20)"| < Ol — zo|* ™.

Then ¢ = 0. This is obvious. First, setting x = x¢ in the inequality we get by = 0. Next,
divide both sides of this inequality by (x — z¢) and then set x = xg we get by = 0. Keep
dividing the inequality by powers of x — zg and then letting x = x¢ yield b; = 0 for all j.

Now, by Taylor’s Expansion Theorem we have

f(n) (z0)

f(z) = flzo) +--- o (x —20)" + R,

where the remainder R satisfies

sup | (@)

IR| < Cilz —mo["T, C1 =
(TL + 1)' [mo—l,mo-ﬁ-l}

Let
p(z) = ap + a1(x — xo) + -+ - + an(z — z0)" .
We have
"(z ") (g
‘(f(xo) )+ (T - o) o)t (Jtn(.()) - ) (v = 20)"| < (C+C)l—zo"*?
By our claim we conclude that
(@)
a; = f (J}O) y J 0,1, y



